Classical 1/4 BPS configurations consist of 1/2 BPS dyons which are positioned by competing static forces from electromagnetic and Higgs sectors. These forces do not follow the simple inverse square law, but can be encoded in some low energy effective potential between fundamental monopoles of distinct types. In this paper, we find this potential, by comparing the exact 1/4 BPS bound from a Yang-Mills field theory with its counterpart derived from low energy effective dynamics of monopoles. Our method is generalized to arbitrary gauge groups and to arbitrary BPS monopole/dyon configurations. The resulting effective action for 1/4 BPS states is written explicitly, and shown to be determined entirely by the geometry of multi-monopole moduli spaces.
Introduction
Recently there have been much activity in trying to understand the nature of 1/4 BPS dyonic configurations in N=4 supersymmetric Yang-Mills theories [1, 2, 3] . The N=4 supersymmetric theories arise as an effective low energy theory of parallel D3 branes in the type IIB string theory [4] .
The expectation values of the six Higgs fields are the coordinates of these D3 branes in the transverse six space. When D3 branes lie on a line, or all Higgs expectation values are aligned in Lie algebra, there can be only 1/2 BPS configurations. Most general 1/2 BPS states are collections of 1/2 BPS dyons whose electric charges are all proportional to the magnetic charge, individually as well as collectively. When the expectation values of the Higgs fields are not aligned, on the other hand, there can be 1/4 BPS configurations, which have a nice string interpretation as multi-pronged strings [5] . As a field theoretic solution, a 1/4 BPS configuration can be thought of as more than one 1/2 BPS dyons at rest with respect to each other; the positions of the component dyons are determined by a delicate balance of the electromagnetic Coulomb and Higgs forces [1] . Because of this, the relative electric charges of distinct-type dyons are functions of their relative positions.
The low energy dynamics of 1/2 BPS monopoles has been explored before in many directions, but only in the context of aligned vacua where no static forces among monopoles are possible. The 1/2 BPS configurations are characterized by their moduli parameters, and Manton proposed that the low energy motion of 1/2 BPS monopoles be treated as the geodesic motion on the moduli space [6] . There are several explicitly known moduli space metrics. For a pair of identical monopoles in SU(2) gauge theory, the moduli space is the Atiyah-Hitchin manifold [7] . For a pair of distinct monopoles in SU(3) theory, it is the Taub-NUT manifold [8] , and so on.
On the other hand, the low energy dynamics of BPS solitons in misaligned vacua has been more problematic. In the simplest example of SU(3) gauge theory, a 1/4 BPS configuration is known to consist of two 1/2 BPS dyons that are separated by a fixed distance, at which the Coulomb repulsion due to the relative electric charge is exactly balanced against a static attraction induced by Higgs interaction. The explicit form of the potential for the Higgs force, however, has not been well understood.
Recall that the low energy dynamics of BPS solitons explores physics that deviates a little bit from the BPS bound. Thus, in certain limit where 1/4 BPS states are almost 1/2 BPS, it should be possible to rediscover physics of 1/4 BPS configurations from the dynamics of 1/2 BPS states.
Since we have static forces between 1/2 BPS solitons in misaligned vacua, the simplest possibility is to add a potential term to the moduli space dynamics. In this paper, we find such a low energy effective action that describes both the 1/2 BPS and the 1/4 BPS configurations in misaligned vacua.
The BPS equations for the 1/4 BPS configurations can be grouped into two sets of equations [1] ; the first is the old 1/2 BPS equations that produce purely magnetic monopoles, and the second solves for the unbroken global gauge modes in this magnetic background. The solution of the second BPS equation is guaranteed and determines electric charges carried by monopoles of the first BPS equation. Thus, the 1/4 BPS dyons are constructed by dressing 1/2 BPS monopoles electrically, where the amount of the relative electric charge depends on the monopole moduli parameters. A crucial consequence is that the moduli space of monopoles also parameterizes the classical 1/4 BPS dyons but with a twist that some of the parameters characterizes electric charges.
These observations tell us that there are two different ways of constructing 1/4 BPS configurations. The first is to obtain an exact field theoretic classical solution. The energy of such a configuration would saturate the classical BPS bound exactly. On the other hand, since 1/4 BPS dyons are all dressed versions of purely magnetic monopoles, one also should be able to find them as excited charged configurations on the moduli space dynamics. They should also saturate a BPS bound of the low energy effective dynamics. In the limit where the moduli space approximation is good, one then identifies these two BPS bounds, which should constrain the unknown potential term. As a matter of fact, this procedure turns out to be enough to fix the potential completely.
We will first consider the interaction of two distinct dyons in the SU(3) case. We find the exact form of the potential, using the idea outlined above. Furthermore, the resulting Hamiltonian of the low energy dynamics is shown to have a BPS bound. As a consistency check, we show that the configurations that saturate this low energy BPS bound describe the identical physics as the field theoretic 1/4 BPS configurations. We also show that the 1/r piece of the potential at large separation is consistent with the results from the study of the interaction of two point-like dyons in large separation.
We then generalize this discussion to any combination of magnetic monopoles in arbitrary gauge group. The form of the potential will turn out to be half the norm of of certain triholomorphic Killing vector field on the moduli space. Here a recent work by D. Tong [9] plays a crucial role. This way, the effective Lagrangian is again determined by the geometry of the moduli space alone. This particular form of potential is known to admit supersymmetric extension, which we also explore.
The plan of the paper is as follows. In Sec.2, we review briefly the 1/4 BPS configuration of two distinct dyons in SU(3) gauge theory and the moduli space metric of these dyons in the 1/2 BPS limit. In Sec.3, we obtain the exact potential for the simplest case of SU (3) when the deviation from the 1/2 BPS case is small, that is, when the D3 branes are almost on a straight line. We show that the BPS configurations of the low energy dynamics are identical to the BPS configuration of the field theoretic ones. In Sec.4, we generalize this result to arbitrary monopole configurations in arbitrary gauge group with more emphasis on the geometrical character of the low energy effective action. The underlying supersymmetric Lagrangian and supercharge, as well as the BPS conditions, are found in Sec. 5. In Sec. 6 we conclude with some remarks.
Two Distinct Monopoles in the SU(3) Gauge Theory
The SU(3) gauge group appears in the low energy dynamics of three parallel D3 branes. (See Ref. [1] for details.) The positions of D3 branes on a plane of the six-dimensional transverse direction are dictated by the expectation values of two Higgs fields:
where 
while the relative position of the third D3 brane with respect to the second D3 brane is
Two simple roots α and β of the SU (3) group are chosen in accordance with the convention
, the masses of isolated α and β monopoles are
respectively, where g = 4π is the charge of magnetic monopole with e = 1 assumed for convenience.
Notice that when ξ and η are very small,
There is a third monopole corresponding to the third positive root α + β and its mass is The dyonic configuration we consider is made of one α and one β monopoles, with electric charges q 1 and q 2 , respectively. Thus the asymptotic forms of the Higgs fields arê
For the given asymptotic (9), the solution of the first BPS equation
is uniquely characterized by the relative distance, L, between two monopoles. Once the first BPS solution is found, the solution of the second BPS equation
is found to be unique for a given asymptotic (10) . From this solution, we can read electric charges
where
As discussed in the introduction, one of the interesting things about these BPS solutions is Thus, instead of m 1 and m 2 , we regard gµ 1 and gµ 2 as the real mass of monopoles. We can define the total and relative charges with respect to the masses gµ 1 and gµ 2 , that is,
where the critical relative charge is defined as
and the pseudo relative mass is
Notice that the relative charge vanishes when L = 0 and tends to ∆q c at L = ∞. (When three D3 branes lie on a line and so η = 0, the relative charge vanishes.) We further note that the mass difference, i (m i − gµ i ), may be written, in terms of charges, as
The difference between m i and gµ i can be considered as a result of the interaction between monopoles, which even includes a constant potential.
BPS Energy
In the BPS energy bound, it is natural to introduce the two-dimensional magnetic and electric charge vectors,
The central charge of the N=4 supersymmetric algebra, which gives the BPS energy bound, is
When the BP S equations are satisfied so that the BPS energy bound is saturated, there is another expression for the central term Z. Sinceâ · Q M =b · Q E , the energy is
which is exact. Asb · Q M = g(µ 1 + µ 2 ) is just the sum of constituent monopole masses, we regard the rest of the contribution,â · Q E , to arise from the dynamics of monopoles.
The low energy dynamics means that the dynamical energy contribution to the rest mass is small. From Eqs. (17) and (18), we see that the low energy approximation may hold if
From Eqs. (1) and (2), we see that three D3 branes are almost collinear, for the low energy approximation to hold. The above condition also implies that the magnitude of q tot , ∆q of 1/4 BPS configurations should be very small compared with the magnetic charge g. From our point of view, a · Q E in the central charge arises from the low energy dynamics of monopoles. As we will see, it has the contributions from both kinetic and potential energies.
Moduli Space Metric of 1/2 BPS Monopoles
When three D3 branes are collinear, the low energy dynamics of two monopoles can be described by the moduli space or collective coordinate dynamics. There are four zero modes for each monopole, three for its position and one for the U(1) phase. We call their positions and phases to be x i , ψ i , i = 1, 2 for α and β monopoles, respectively. The exact nonrelativistic effective Lagrangian has been found to be a sum of the Lagrangians for the center of mass and the relative motion [8] . As there is no external force, the center of mass Lagrangian is free one,
where the center of mass position is X = (µ 1 x 1 + µ 2 x 2 )/(µ 1 + µ 2 ) and the center of mass phase is χ = ψ 1 + ψ 2 . The relative motion between them is more complicated and described by the Taub-NUT metric,
where the relative position is r = x 2 − x 1 , the relative phase is ψ = 2(µ 1 ψ 2 − µ 2 ψ 1 )/(µ 1 + µ 2 ), and w(r) is the Dirac potential such that ∇ × w(r) = −r/r 3 . The range of ψ is [0, 4π]. The relative moduli space M 0 is the Taub-NUT manifold with the metric given from the above Lagrangian.
The eight-dimensional moduli space is then given by
where Z is the identification map
One way of obtaining this moduli space metric is by exploring the long range interaction between two dyons [10] . As for two dyons of charge (g, π 1 )α and (g, π 2 )β, there are several interactions between them. Obvious ones are electric and magnetic Coulomb potentials. Besides, there exists a potential due to Higgs force between them.. In addition, when they move, there is a time delay effect which appears in the form of Lienard-Wiechert potential. When they are put together, we get the Routhian obtained from the Legendre transformation of phase variables to charges,
where the relation between π t , π r and π 1 and π 2 are given by similar equations as in Eqs. (17) and (18) . We emphasize here that total charge π t and relative charge π r are conjugate momenta without any fixed value.
Case of SU (3)
To find the potentials between two dyons in every relative separation, we explore first the case q tot = π t = 0. Suppose that the exact potential for the relative motion is U rel (r), and so the effective potential for two dyons is
The first part of the effective potential comes from the charge kinetic energy. This effective potential should have a minimum at r if π r = ∆q(r) for ∆q(r) specified by Eq. (18) and the energy at the minimum should be identical to the BPS energy (25) once we add the mass of monopoles. Then we realize that the potential energy is exactly one half of the excessive BPS energy associated with the relative charge. Using this, we find the piece of the potential,
where ∆q(r) is to be understood as function of r given in Eq. (18) . However, we have not quite found the potential U. We actually found only the piece that depends on the distance r. By including the center of mass motion, it is not difficult to guess that the actual potential must be of the form,
This guess will be justified below momentarily.
As we have seen, this identification can be made for all possible classical dyons, which translates to all possible values of r. In effect, we have found the potential U throughout the moduli space. In the next section, we will discover that this method is trivially generalized to arbitrary configurations of monopoles and dyons in arbitrary gauge group, and that it produces a rather special kind of potential, which, as one may expect, admits supersymmetric extension.
Let us go back to the matter concerning total charge and its associated constant potential energy. If we minimize the effective potential (32), we get π r to be ∆q(r) = ∆q c /(1 + 1 2µr ). However, we could not fix π t to be q tot in this way. Hamilton's equations of motion imply that π t to be constant in time. Thus, the naive equilibrium condition does not fix the total electric charge, even though it fixes the relative charge. To understand this, let us now collect the full low energy Lagrangian for 1/4 BPS dyons, which is the sum of the kinetic energies (27), (28) on the moduli space and the potential energy (34)
In terms of the conjugate momenta, P t = g(µ 1 + µ 2 )Ẋ, p = gµ(1 + 1 2µr )ṙ + π r w(r), π t , and π r , the Hamiltonian is
The Hamiltonian can be expressed as follows:
where the new central term is
The central term is linear in the conjugate momenta π t and π r . Clearly there is a classical BPS bound on the mechanical energy
which is saturated for any X and r when π t = q tot and π r = ∆q(r) andẊ =ṙ = 0. Thus the nonrelativistic BPS configuration matches exactly the field theoretic BPS configuration. In this case, the sum of the rest mass plus this BPS energy is exactly the 1/4 BPS energy bound (25).
Thus our 1/4 BPS field configuration corresponds to not the lowest energy configuration, but a BPS saturated configuration of the nonrelativistic Hamiltonian.
As an independent check of the above potential, let us consider the leading term in the large distance. When three D3 branes are not collinear, two Higgs fields are involved nontrivially and so we expect an additional Higgs interaction [11] . To see this, let us go back to the old derivation of the Higgs interaction. We put the resting α dyon at x 1 . The Higgs field far from this dyon is
in the unitary gauge. Note that α · φ I (∞) = R 1I . The β monopole at x = x 2 would feel this Higgs field as an effective mass
where r = |x 2 − x 1 |.
We expand the effective mass to order 1/r and to quadratic terms in π 1 and π 2 to get
If three D3 branes are collinear,R 1 =R 2 and we get the old result. When we include the velocity dependent terms and electromagnetic forces and keep everything in quadratic order, we get the previous Routhian (31).
However, when they are not collinear, there is an additional 1/r correction to the old result.
As we assume that the deviation from the straight line is very small, or η << 1,
From Eqs. (3) and (4), one can show easily that
with ∆q c in Eq. (19) . The small deviation obtained from Eq. (42) is then
where we have included the additional constant terms from masses that are given explicitly in (21).
This is the additional attractive potential which exists since three D3 branes are not collinear. It is a matter of simple algebra to check that the exact potential (34) we found above, do contain this term to the leading r-dependent piece at large r. One may wonder about terms of order 1/r 2 .
These terms do not come out to be symmetric under the exchange of α and β monopoles and depend on the monopole core size. It needs a further investigation, which we do not attempt here.
In the above derivation we have dropped terms of order (∆q c The low energy approximation we found holds when the kinetic and potential energies are much smaller than the rest mass. In terms of generic velocity v and the coefficient, ǫ, ofâφ(∞), the low enegy approximation holds when
The order of the low energy Lagrangian is then
The corrections we have neglected in the above expansion is then of order
Generalization
The crucial ingredient of the preceding section came from a rather simple observation: we have 
with nonnegative n ′ A s. Without loss of generality, we assume that it is irreducible so that all n A are positive. In this case all monopoles are interacting with each other directly or indirectly and are not divided into noninteracting subclusters.
Each monopole of β A type has mass gµ A = gh · β A and four zero modes. The total energy is then g A n A µ A = g · h and the total number of zero mode is 4N = 4 A n A [12] . The low energy dynamics of this configuration can be described by the dynamics in the moduli space of dimension 4N with the metric ds 2 = g µν dz µ dz ν . This moduli space is known to be hyperkähler and thus are equipped with three covariantly constant complex structures [7, 14] . The low energy Lagrangian is then
The unbroken U (1) r symmetries act on the moduli space as translational isometries, and generate cyclic U (1) coordinates ψ A , whose conjugate momenta q A are conserved electric charges. We divide the moduli space coordinates z µ into r ψ A 's and remaining (4N − r) y i 's. Up to gauge transformations, the solution of the first BPS equation (11) is uniquely characterized by the values of the coordinates y i . The Lagrangian (50) can be rewritten as
Due to the cyclic properties of ψ A 's, the metric components h ij , L AB and w A i are functions of y i only. Since the kinetic energy should be positive, the metric h ij and L AB are positive definite.
Each U (1) generators are associated with the vector field
Denoting the conjugate momenta as
the electric charge of the whole configuration is expressed in terms of the q A 's as
The Hamiltonian
Since L −1 depends on the y i 's, this shows that electric charge excitations will typically induce a long range potential. Because of this, 1/4 BPS configurations of dyons with relative charge cannot be allowed if no other static forces are present, as would be the case if Higgs expectations were all aligned.
Suppose that the other Higgs fieldâ·φ acquires an expectation value which is misaligned with respect to b · φ . Then there is an attractive static force between monopoles. If the misalignment is small enough so that the static attractive potential is much smaller than the monopole mass scale, we may incorporate this potential into the above moduli space dynamics. (The part of Higgs expectationâ·φ that is proportional to that ofb·φ is not associated with any static force. Rather, its effect on the BPS configuration is to fix the total charge to a certain value and to give an additional contribution to the energy besides the energy carried by the charge. This can be understood as the correction to the bare mass of magnetic monopoles.)
Adding a potential to the Hamiltonian and considering the static configuration withẏ i = 0, we get an effective potential
For 1/4 BPS configurations, q A should be determined by the moduli parameters y i , or reversely, given values of q A restrict the equilibrium positions y i .
On the other hand, an exact expression of the 1/4 BPS configuration is known. The additional energy due to the electric charge is given by a simple expression,
The second equality defines the projected Higgs expectation values a A . The electric charge are fixed by the positions of magnetic monopoles, which we emphasize by introducing new notation q A (y). A recent work by D. Tong [9] brought some light on this quantity. He expressedq A (y) in terms of quantities on moduli space and found
This equation can be viewed in two equivalent ways. One is as a restriction on the possible equilibrium positions y i when the electric charges are given. Or equivalently, as an expression for electric charges in terms of the equilibrium positions y i . Either way, the excess energy due to the electric charge excitation is
Note that this happens to be twice the charge kinetic energy if we put q A =q A (y). Again we demand the potential U(y) to be identical to one half of E Q , that is, when expressed as a function of y i ,
We need to pause here for a moment, and explain how it was possible that we obtained the potential U by considering only the classical minimum energy configurations of U eff . It may seem that we made an extrapolation of some kind. However, it is not the case. We actually have derived the exact potential, as we will explain below.
From Ref.
[1], we know that solutions to the first BPS equation ( Here, we need to make one final consistency check. Not only the value of the potential U(y)
at the 'minimum' of the effective potential U eff (y) should yield the right value, which led to the above identification, but also it should have the 'minimum' at the right value. In other words, we must recover the central relationship q A =q A (y) = L AB (y)a B , which is of field theory origin, by minimizing the low energy dynamics. The final Hamiltonian with the potential is
whereẏ i = h ij (p j − q A w A j ). As in the previous section, we can reexpress this as
where the central charge is
The BPS bound is saturated whenẏ i = 0 and q A =q A (y), exactly as we have hoped for. This completes the derivation of the potential U.
The effective Lagrangian for the low energy is the sum of the usual kinetic term on the moduli space and the potential U,
or, more compactly,
Note that, given the Higgs expectation values, the potential is completely determined in terms of geometry of the monopole moduli space. As showed by Alvarez-Gaume and Freedman [13] , and as pointed out by D. Tong [9] very recently, this form of potential is exactly what one needs to extend the dynamics to a supersymmetric one. In particular, the triholomorphicity of a · K that follows from gauge invariance, guarantees that the low energy dynamics will have 8 real supercharges. In this sense the dynamics itself is 1/2 BPS with respect to the Yang-Mills field theory. The quantum counterpart of the classical 1/4 BPS dyons should break additional half of these remaining 8 supercharges, and is realized as finite energy BPS states of this low energy theory itself. In the next section we will explore this supersymmetric dynamics in some detail.
Supersymmetry and BPS Bound
We begin with the N=4 supersymmetric quantum extension of the above effective action [13] . Its form is similar to the usual sigma model action but modified by a coupling to the triholomorphic Killing vector G ≡ a · K. The supersymmetric Lagrangian written with real fermions is
where ψ µ is a two-component anticommuting Majorana spinor and γ 0 = σ 2 , γ 5 = σ 3 , andψ = ψ T γ 0 .
The metric here is hyperkähler, endowed with three complex structures f (a)µ ν (a = 1, 2, 3) that satisfy
and the Killing vector G µ is triholomorphic, i.e., its action preserves the three complex structures.
From now on, we will use f to denote any one of the three complex structures, unless noted otherwise.
With vielbein e A µ and the spinors ψ A = e A µ ψ µ , we define supercovariant momenta by
where the p's are canonical momenta of coordinate z's, and ω A B,µ is the spin connection. The canonical commutation relations are [z µ , p ν ] = iδ µ ν and {ψ A α , ψ B β } = δ AB δ αβ . SUSY generators in real form are:
Again, supercharges associated with different complex structures f (a) anticommute.
It is easy to read off the BPS condition for quantum states that preserves half of supersymmetries. Depending on the sign of central charge, we find
so that the given state may saturate the condition H = ±Z. We can express this BPS condition in more geometrical fashion by transcribing the wavefunction to differential forms on the moduli space [15] . Note that
Furthermore, the wavefunction has the following general form,
The coefficients Ω µ 1 ···µp are completely antisymmetric and may be regarded as those of a p-form.
In this language where we interpret ϕ µ and ϕ * µ as a natural cobasis dz µ and a natural basis ∂ ∂z µ , one finds that the following replacement can be made:
where i G denotes the natural contraction of the vector field G with a differential form, and δ is the 
Conclusion
We have found the low energy effective Lagrangian of 1/2 BPS monopoles in vacua of misaligned
Higgs expectation values. This low energy effective theory produces 1/4 BPS dyons as BPS configurations of the nonrelativitic Hamiltonian. The kinetic term is given by the usual moduli space metric of 1/2 BPS monopoles, while the potential term is also determined by the same geometrical data. Its precise form is given by one half of the norm of certain Killing vector field, which allows a supersymmetric extension.
There are several directions to go from here. Our derivation relies heavily on the established properties of 1/4 BPS dyons and monopole moduli space. While there is little doubt that this is a valid derivation, it may be worthwhile to rederive our exact result from a different perspective.
For instance, one may imagine deriving the exact bosonic potential from a point particle point of view. Another venue would be to find the supersymmetric low effective energy Lagrangian directly from the field theory, along the line of Gauntlett and Blum [14] . Naturally, we expect to recover the 1/4 BPS dyon spectra as quantum BPS states of this low energy dynamics. The actual form of the wavefunction is currently under investigation for the minimal case of SU (3) [16] .
Another interesting question concerns monopoles when the symmetry breaking is not maximal [17] . The gauge symmetry breaking is determined by bothb · φ(∞) andâ · φ(∞). If there is unbroken nonabelian gauge symmetry byb · φ(∞), some of magnetic monopoles become massless.
The moduli space acquires an enhanced isometry, corresponding to unbroken gauge groups. Bŷ a · φ(∞), the unbroken gauge symmetry could remain unbroken or gets broken [18] . In the former case, the massless monopole clouds screen the color magnetic charge of massive monopoles, and the strength of static monopole-monopole force, say in the singlet channel, may be different from naive expectation. Such a deviation has been observed in the large N context quite recently [19] .
It would be quite interesting to quantize massless monopole motion and find the resulting quantum effective potential between massive monopoles. However, we should also point out that it is still unclear whether the moduli space dynamics is a valid approximation in the case of nonmaximal symmetry breaking.
